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Abstract: Demanding the existence of a simple holographic c-theorem, it is shown that a
general (parity preserving) theory of gravity in 2+1 dimensions involving upto four derivative
curvature invariants reduces to the new massive gravity theory. We consider extending the
theory including upto six derivative curvature invariants. Black hole solutions are presented
and consistency with 1+1 CFTs is checked. We present evidence that bulk unitarity is still
in conflict with a positive CFT central charge for generic choice of parameters. However,
for a special choice of parameters appearing in the four and six derivative terms reduces the
linearized equations to be two derivative, thereby ameliorating the unitarity problem.
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1. Introduction
Recently a higher derivative theory of gravity has been proposed [1] in 2+1 dimensions which
has nice properties[2, 3, 4, 5]; it is parity preserving and unitary–it has been christened “new
massive gravity (NMG)”. In asymptotically Minkowski spacetime the theory is equivalent to
a Pauli-Fierz action for a massive spin-2 field at the linearized level. The NMG theory has
also been considered in the context of the AdS/CFT correspondence[6, 7, 8]. It was found
that bulk unitarity for the massive spin-2 modes implied negative central charge in the CFT.
This theory is interesting for a different reason. In [9, 10, 11], in the context of holography,
various properties of Gauss-Bonnet gravity in arbitrary spacetime dimensions D ≥ 5 were
studied. Since in 2+1 dimensions, Gauss-Bonnet vanishes identically, a natural question
arises: What is the analogous theory in lower dimensions? In a certain sense, we will argue
in this paper that this is nothing but the NMG! The equivalence arises as follows: what
characterises the dual CFTs are central charges which in even spacetime dimensions arise as
conformal anomalies. It is shown in [12] that for these GB theories in higher dimensions,
there exists a “c”-theorem, where the anomaly associated with the Euler density admits
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for a monotonic function defined along an RG-flow induced by matter satisfying the null
energy condition [13]. We will show that the NMG theory admits a “c”-function which is in
conjunction with the c-theorem in 1+1 dimensional CFTs. The UV value of the anomaly is
precisely what is predicted in [12]. In [12] it is shown that the anomaly associated with the
Euler density for Gauss-Bonnet gravity with action
I =
1
2ℓD−2P
∫
dDx
√−g(R+ (D − 1)(D − 2)
L2
+
λL2
(D − 3)(D − 4) [RabcdR
abcd − 4RabRab +R2]) ,
(1.1)
in an arbitrary dimension is given by
aD = π
2 L˜
D−2
ℓD−2P
(1− 2D − 2
D − 4λf∞) , (1.2)
where D is odd so that the CFT dual is in even dimensions, L˜ is the AdS radius and f∞
defined through L˜ = L/
√
f∞ satisfies 1− f∞ + λf2∞ = 0. While this formula is strictly valid
for D ≥ 5, we can extrapolate to D < 5. Setting D = 3, we find that the anomaly coefficient
is proportional to L˜/ℓP (1+ 2λf∞). We will find (once the correct normalizations are chosen)
that this is precisely what the NMG theory yields 1.
We will examine higher derivative gravity in 2+1 dimensions in the context of the
AdS/CFT correspondence. Since there is a c-theorem in 1+1 dimensional CFT’s, one wonders
if somehow demanding the existence of such a theorem holographically will be of any redeem-
ing value2; for instance can it constrain the parameters entering the gravity lagrangian? We
start with an arbitrary four-derivative theory in 2+1 dimensions in the presence of a negative
cosmological constant. As we will show, the combination of higher derivative terms that ap-
pear in NMG allows for such a c-theorem. Conversely, we will show that the NMG is the only
choice that allows for a c-theorem of analogous form. Inspired by this, we consider adding six
derivative terms and derive constraints on the parameters which allows for a natural extension
of such a c-theorem. Black hole solutions are presented and their thermodynamics considered.
The resulting entropy of such black holes are consistent with known results in 1+1 CFTs,
namely that it is proportional to the central charge times temperature. We should note here
a crucial difference between the NMG and GB gravity in higher dimensions. The equations
of motion for GB gravity is second order but for the NMG theory they are intrinsically fourth
order. In [15] a six derivative theory was constructed in D ≥ 5, where the equations of motion
with only radial dependence was shown to be second order. Our six derivative theory is the
lower dimensional cousin of this theory. In our case, we will find that as in the NMG theory,
the extended NMG allows for a certain factorisation of the operator arising in the equations
of motion describing linearization about the AdS vacua[7]. The equations of motion quite
generally involve fourth order in derivatives.
1A higher dimensional generalization of the NMG was attempted in [14] but the theory was found to be
non-unitary even around flat space.
2In the context of topologically massive gravity of [16], holographic RG flows were studied in [17].
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The fact that the equations of motion involve higher derivatives leads to the question
of unitarity. Around flat space, the NMG theory is known to be unitary if the wrong sign
kinetic term is taken. In [6] it was shown that in AdS bulk unitarity was in conflict with
the positivity of a CFT central charge. This is of course in contrast to what happens in GB
holography. We analyse the issue of unitarity in this extended version of NMG. We present
evidence that the conflict between bulk unitarity and positivity of the CFT central charge
still persists in the six derivative theory.
The paper is organized as follows. In section 2, we consider holographic c-theorems in
higher derivative gravity in 2+1 dimensions. We show that at the four derivative level, the
NMG naturally admits a c-function. We construct a new theory at the six derivative order
which admits such a c-function. In section 3, we consider the Weyl anomaly in the dual CFT
and show that it is equivalent to the UV value of the c-function. In section 4, we present
black hole solutions to the six derivative theory and show that the entropy is consistent with
what is expected from a 1+1 CFT. In section 5, we turn to the issue of unitarity in the bulk
vs positivity of the CFT central charge. First we show that the radial part of the equations
of motion for the bulk mode admits a factorization similar to that in the four derivative
theory. Using this we argue that the conflict between bulk unitarity and positivity of the
CFT central charge persists in this new theory. We conclude in section 6. Appendix A
contains a discussion about how to extend our construction further to eight derivative order
which admits a Pauli-Fierz type lagrangian. Appendix B has a discussion of Lifshitz solutions.
Appendix C contains more details about the c-function in NMG.
2. Holographic c-theorems and a new derivation of NMG
We wish to see whether demanding the existence of a holographic c-theorem will give rise to
any interesting constraint. The action we will consider is
I =
1
2ℓP
∫
d3x
√−g(R+ 2
L2
+ L2R2 + L4R3) ≡ 1
2ℓP
∫
d3x
√−g(R+ 2
L2
+K) , (2.1)
where
R2 = 4(λ1RabRab + λ2R2) , (2.2)
R3 = 17
12
(µ1R
b
aR
c
bR
a
c + µ2RabR
abR+ µ3R
3 + µ4∇aRbc∇aRbc + µ5∇aR∇aR) . (2.3)
We will set µ4 = µ5 = 0 to get rid of terms in the equations of motion having six derivatives
3.
The reason for having the factors 4 and 17/12 will become clear shortly. The equations of
motion for this action are given by
Rab − 1
2
Rgab − 1
L2
gab −Kab = 0 , (2.4)
3This is a choice and one could work keeping these terms. For a c function, these terms will have to be set
to zero as we will argue shortly.
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where
Kab = 4L
2
(
λ2(−2RRab + 2∇a∇bR+ gab[1
2
R2 − 2∇2R])
+ λ1(−2RcaRcb + 2∇c∇(aRcb) −∇2Rab + gab[
1
2
RcdR
cd − 1
2
gab∇2R])
)
+
17
12
L4
(
µ1(−3RacRcdRdb −
3
2
∇2RacRcb + 3∇c∇(aRdb)Rcd + gab[
1
2
RdcR
e
dR
c
e −
3
2
∇d∇cRceRed])
µ2(−RdcRcdRab − 2RRacRcb +∇b∇aRcdRcd −∇2RRab + 2∇c∇(bRca)R
+ gab[
1
2
RRcdR
cd −∇d∇cRRcd −∇2RcdRcd])
µ3(−3R2Rab + 3∇a∇bR2 + gab[1
2
R3 − 3∇2R2])
)
. (2.5)
In the absence of the six derivative term, Kabg
ab = −K/2 but this is no longer true in the
presence of the six derivative term4. Quite generally, the above lagrangian will admit for
Lifshitz solutions which are discussed in appendix B. We will focus here on AdS solutions.
Let us now examine the possibility of a holographic c-theorem following [13]. This requires
the addition of a matter sector which will induce a RG-flow. In Einstein gravity this works
as follows. We begin with the ansatz
ds2 = e2A(r)(−dt2 + dx2) + dr2 . (2.6)
The equations of motion imply
A′′ = T tt − T rr ≤ 0 , (2.7)
where Tab is the stress-energy tensor associated with the matter. We have assumed that the
matter sector satisfies the null-energy condition, i.e., Tabζ
aζb ≥ 0 for any arbitrary null vector
ζ. Then choosing ζa ≡ {ζt, ζr, ζx} = v{e−A, 1, 0} leads to Ttte−2A + Trr ≥ 0 or T tt − T rr ≤ 0.
Define
c(r) =
1
ℓPA′(r)
, (2.8)
so that
c′(r) = − A
′′
ℓPA′2
≥ 0 . (2.9)
Thus c(r) is monotonically increasing. In the absence of matter, A(r) = r/L so that the UV
boundary is r → ∞ for which c(r) becomes the central charge of the dual CFT. In [13] an
example was shown where a kink solution existed interpolating two different solutions which
asymptotically had A(r) linear with different slopes. If we assume that spacetime asymptotes
to AdS both in the UV and IR, then identifying r → ∞ as the UV and r → −∞ as the IR
4However, if we linearize around flat space, this will not spoil the unitarity and renormalizability of the
four derivative theory since around flat space Rab ∼ 0.
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[13] in these coordinates we thus have cUV ≥ cIR. Now let us turn to the case where we have
added R2. Here we find
T tt − T rr = A′′[1− 16A′′L2(8λ2 + 3λ1) + 16A′2L2(3λ2 + λ1)]− 8L2(8λ2 + 3λ1)A′A′′′
−4L2(8λ2 + 3λ1)A′′′′ . (2.10)
We want to find a function that generalizes (2.8). We will demand that it is made of A′ and
derivatives thereof. Following the above logic, taking the derivative of this function will be
proportional to the equations of motion. In the GB case in higher dimensions, the form for
the c-function was [12] c ∼ (1 + αλL2A′2)/A′ with α = const. If we demand the same simple
form for the c-function as in the GB case, it turns out that only way of accomplishing this
is to set the four derivative terms in the equations of motion for A to zero. In other words,
we want the form of T tt − T rr to be a simple one depending only on A′′ and A′ and no further
higher derivative terms involving e.g. A′′′ or A′′′′. Setting λ2 = −3/8λ1 gets rid of the four
derivative terms and leads to
A′′(1− 2A′2L2λ1) = T tt − T rr . (2.11)
Thus defining
c(r) =
1
ℓPA′
(1 + 2λ1L
2A′2) , (2.12)
leads to
c′(r) = −T
t
t − T rr
ℓPA′2
≥ 0 . (2.13)
A discussion, showing that the only way to get a c(r) satisfying eq.(2.13) is to choose λ2 =
−3/8λ1, is given in appendix C. Note that with λ2 = −3/8λ1 , the R2 term is exactly what
appears in the NMG theory! Hence this is another way of getting the NMG theory. In a
similar manner we can show that the choice for R3
µ1 =
64
17
µ3 , µ2 = −72
17
µ3 , µ4,5 = 0 , (2.14)
will lead to
A′′(1− 2A′2L2λ1 − 3A′4L4µ3) = T tt − T rr . (2.15)
Then defining
c(r) =
1
ℓPA′
(1 + 2λ1L
2A′2 + µ3L
4A′4) , (2.16)
will satisfy
c′(r) ≥ 0 . (2.17)
Hence using this theory will admit a function c(r) which is monotonically increasing. We will
call this theory the extended NMG 5. We should also point out that we have demonstrated the
5Curiously, after my paper was released, it was realized in [26] that the combination of terms appearing in
the NMG and the extended version appear also in a DBI version expanded upto O(R3).
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existence of a certain c-function. There could be more such functions exhibiting monotonicity
whose physical interpretation may be different. Our c-function is the one which naturally leads
to the central charge c characterizing the 1+1d CFTs. In the absence of a matter sector
A(r) =
r
L˜
≡ rf∞
1/2
L
, 1− f∞ + f2∞λ1 + f3∞µ3 = 0 , (2.18)
satisfies the equations of motion6. This explains the choice of the normalization in (2.2) and
is in conjunction with [9, 15]. For this
c =
L˜
ℓP
(1 + 2λ1f∞ + µ3f
2
∞) , (2.19)
which will be identified as the Weyl anomaly7in the next section. The Weyl anomaly for
the six-derivative theory in five dimensions [15] was calculated in [18]. Eq. (2.19) is the
D = 3 extrapolation of the anomaly associated with the Euler density in the six-derivative
theory in higher dimensions. It thus appears that once we fix the normalization such that
eq. (2.18) is satisfied, the (extended) NMG is the “natural” cousin of the higher dimensional
(six-derivative extended) Gauss-Bonnet theory.
3. Weyl anomaly and the central charge c
The easiest way to derive the Weyl anomaly coefficient [19] of the CFT is to consider the
theory on an S2 with the metric
ds2 =
dr2
1 + f(r)
+ g(r)(dθ2 + sin2 θdφ2) , (3.1)
with
f(r) =
r2
L˜2
, g(r) = r2 , (3.2)
which solve the equations of motion. Then the action evaluates to
I = − 8π
ℓP L˜
(1 + 2f∞λ1 + f
2
∞µ3)
∫ Λ
0
dr
r2√
r2 + L˜2
, (3.3)
where Λ is a cutoff we have put by hand. Evaluating the integral leads to
I = − 8π
ℓP L˜
(1 + 2f∞λ1 + f
2
∞µ3)
(
Λ2
2
− L˜
2
2
log
2Λ
L˜
)
. (3.4)
6Notice the following. Suppose we did not have an explicit cosmological constant in eq. (2.1). This would
simply lead to dropping the 1 in the second equation in (2.18). Without higher derivative corrections we would
have f∞ = 0 and no AdS. However, with higher derivative corrections f∞ 6= 0 is a solution and it is easy to
have f∞ > 0 leading to AdS. Even in this case, all the formulae and the analysis in what follows go through.
7The CFT central charge frequently quoted in the literature is 12pi times c.
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Here we expect the quadratic divergence to be cancelled when one takes into account the
surface term and the appropriate counterterm. The coefficient of the log term is associated
with the Weyl anomaly. This can be written as
clog =
4πL˜
ℓP
(1 + 2f∞λ1 + f
2
∞µ3) = 4πc . (3.5)
Thus we find that the c-theorem argument of the previous section leads to precisely the Weyl
anomaly coefficient (upto an irrelevant factor of 4π).
4. Black hole solutions
For the extended NMG theory in AdS, one can easily find black hole solutions which are
similar to the black holes in the NMG [6, 27]. We make the ansatz
ds2 = −N(r)2f(r) r
2
L2
dt2 + L2
dr2
r2f(r)
+
r2
L2
dx2 . (4.1)
Then it can be shown that
N(r) = const , f(r) = f∞ +
c1
r
+
c2
r2
, (4.2)
will lead to
c1
L3
(−1 + 2f∞λ1 + 3f2∞µ3) = 0 , (4.3)
from which we see that either c1 = 0 with (−1 + 2f∞λ1 + 3f2∞µ3) 6= 0. If (−1 + 2f∞λ1 +
3f2∞µ3) = 0, then c1 need not be zero and an extremal black hole solution is possible. We will
not consider this interesting possibility any further and will focus on the case where c1 = 0.
We will further set N(r)2 = 1/f∞ so that the velocity of light in the CFT is unity.
4.1 Thermodynamics
We will choose
c2 = −f∞r20 , (4.4)
so that the horizon is at r = r0. Since we have not worked out the generalized Gibbons-
Hawking term or the requisite counterterms, we will use background subtraction to examine
the thermodynamics of these black holes. We will use the empty AdS as the background to
subtract. The temperature is given by
T =
r0
πLL˜
. (4.5)
This will lead to the free energy density to be
F = T
V
(IE − I0E) = −
π2T 2L˜
ℓP
(1 + 2f∞λ1 + f
2
∞µ3) . (4.6)
Using this we calculate the entropy density to be
s = −∂F
∂T
=
2π2T L˜
ℓP
(1 + 2f∞λ1 + f
2
∞µ3) = 2π
2cT , (4.7)
which is exactly what we expect for a 1+1 CFT.
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4.2 Entropy using the Wald formula
Equation (4.7) can be verified using Wald’s formula as well. Recall Wald’s formula for entropy
[28]
S = −2π
∮
dx
√
h
∂L
∂Rabcd
ǫˆabǫˆcd , (4.8)
where ǫˆab is the binormal to the horizon. For the action in eq. (2.1), this works out to be
S =
2πA
ℓP
(
1 + 8λ2L
2R+ 4λ1L
2(Rtt +R
r
r)
+
L4
12
[
3
2
µ1(R
rmRrm +R
tmRtm) + µ2(RmnR
mn +R(Rrr +R
t
t)) + 3µ3R
2]
)
,
(4.9)
so that using eq. (4.1), it can be easily verified that eq. (4.7) is reproduced. The thing to
note here is that for eqs. (4.1,4.2), the expression in the brackets in equation (4.9) is actually
independent of r! In the context of the observation in [12] this is particularly interesting since
there a similar expression evaluated at the boundary is related to a central charge.
We note here that if we evaluated the expression in the brackets in (4.9) for the metric
ansatz in (2.6) then we would get
1
2
grrgtt
∂L
∂Rrtrt
= 1 + 2L2λ1A
′(r)2 + L4µ3A
′(r)4 = ℓP c(r)A
′(r) , (4.10)
where L is the lagrangian. This is quite remarkable since it shows that there is a connection
between Wald’s formula and the c-function! A similar observation is reported in [12] for
higher dimensions. This makes it tempting to conjecture that there is a Wald like formula for
c(r) in any dimensions. In the context of two derivative theories, a covariant formula for c(r)
has been given in [23]. The fact that the spacetime central charge in AdS3 could be extracted
using a c-extremisation and its connection with the Wald formula was shown in [24].
5. Unitarity and central charge
For the NMG theory in the context of AdS/CFT that we have been considering, it has been
shown that unitarity in the bulk corresponds to negative CFT central charge. We wish to
investigate the issue of unitarity in the context of the extended NMG. In [6], the issue of
unitarity was addressed by rewriting the NMG action in terms of a Pauli-Fierz lagrangian.
In our case, we do not have this technology at our disposal and will use a somewhat indirect
argument. We begin with the ansatz
ds2 = e2r/L˜(−dt2 + dx2) + dr2 + habdxadxb . (5.1)
We choose the gauge hrx = hrt = hrr = 0. Then the linearised equations of motion for
htt, hxxhtx allow for the solution htt − hxx = H(r), htt + hxx = H˜(r), htx = G(r) where
H ′′(r)− 2
L˜
H ′(r) = 0 , (5.2)
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while both G, H˜ satisfy the equation
2(1+2f∞λ+f
2
∞µ3)F
′−L˜[(1+18f∞λ1+17f2∞µ3)F ′′+4L˜(f∞λ1+f2∞µ3)(−4F ′′′+L˜F ′′′′)] = 0 ,
(5.3)
which can be rewritten as
(∂2r −
2
L˜
∂r)(∂
2
r −
2
L˜
∂r − ℓP cf∞
4L˜3(1− f∞)
)F = 0 , (5.4)
where F is either H˜ or G. Thus while H is massless both H˜,G allow for massive modes.
This is the key step. Note here that the way we have written the above equation, there is
no explicit dependence on λ1, µ3 in the equations of motion. Making a change of variables
e2r/L˜ = R/L˜, the massive mode satisfies
(R2∂2R −
ℓP cf∞
16L˜(1− f∞)
)F = 0 , (5.5)
which has the solution
F ∼ R
1
2
(1±
√
1+
cf∞ℓP
4L˜(1−f∞)
)
. (5.6)
The fluctuation should go like Ra with a ≤ 1 (as otherwise it will spoil the asymptotics) and
should be well behaved at the origin R = 0 so that we must have
cf∞ℓP
4L˜(1− f∞)
≤ 0 . (5.7)
This means either c ≥ 0, f∞ > 1 or c ≤ 0, f∞ < 1. The inequalities are valid both for the NMG
and the extended NMG. The prefactor for the kinetic term for the massive modes in both
cases is proportional to (1−f∞). As such only for the special case when f∞ = 1 or equivalently
−λ1 = µ3 will the ghost problem be ameliorated since in this case the equations of motion
work out to be two derivative. More specifically, it can be shown that if µ3 < 1 then the
theory is unitary in this case. Note that it was crucial for the cubic term to be present for this
possibility to be realized. A more general analysis involving a general coordinate dependence
for the fluctuations was performed in [29] and corroborates this finding. If f∞ 6= 1, for the
massive modes, to be compatible8 with the analysis for unitarity in the NMG in [6], c ≤ 0
should be chosen. It is only for this choice that one can have unitary massive spin-2 modes in
the bulk. Thus we conclude that bulk unitarity for the massive modes implies that the CFT
central charge is negative or zero.
8In [6] the condition for unitarity for the NMG theory (µ3 = 0) around AdS is
Λ−2m2
4m2
≥ 0. In our notation
m2 = 1/(4λ1L
2),Λ = −f∞/L
2 so that we get 1 + 2λ1f∞ ≤ 0 in other words c ≤ 0. Also note that the kinetic
term for the massless non-propagating gravity is positive only if c ≥ 0. It is this piece that leads to the two
point function for stress tensors in the CFT.
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6. Conclusion
In this paper we have showed that the new massive gravity theory admits for a c-theorem.
Turning the argument around we have showed that demanding the existence of a c-function
similar to that in GB gravity in higher dimensions [12], the NMG emerges at the four deriva-
tive order. We have constructed a set of six derivative terms involving the curvature invariants
which admit a similar holographic c-theorem. One motivation to consider such an extension
is to see what this has in common with the NMG. We find the following common features
• Lifshitz solutions are allowed as shown in appendix B.
• Like the NMG, the extended theory admits for exact black hole solutions in AdS. For
a special choice of the parameters, extremal solutions are allowed.
• The c-function can be written in terms of the Wald formula as in eq. (4.10).
• For fluctuations depending only on the radial coordinate, the equations of motion are
four derivative. A nice factorization property [7] as shown in (5.4) is at work for both
theories.
• Bulk unitarity is still in conflict with the positivity of the boundary central charge for
generic choice of parameters. For the case when λ1 = −µ3, the linearised equations of
motion become two derivative. For the NMG, at the special point where the central
charge vanishes it was shown in [25] that the dual CFT (if it exists) becomes a loga-
rithmic CFT. The conflict between bulk unitarity vs positive CFT central charge is less
severe in this case; for example there are no negative mass black holes. It is likely that
the story is the same for the extended version of NMG.
Apriori, our method which led to constraining the higher order lagrangians is not guaran-
teed to work order by order. However, we have demonstrated that upto eight derivative order
(see appendix A), one can construct a holographic c-theorem as dictated by 1+1 dimensional
dual CFTs. It will be interesting to study these theories further. It will be very interesting to
see which of the above features are common to any theory. For example using the methods
in this paper can some interesting inequality for the dynamical exponent in Lifshitz met-
rics be derived? It will also be useful to consider finite coupling effects or higher derivative
corrections to holographic quantum liquids in 1+1 dimensions [21].
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A. Extending to eight derivative gravity
The original NMG theory can be rewritten in terms of a Pauli-Fierz lagrangian. For this the
starting point is the observation that the NMG theory is equivalent to
Ieq =
∫
d3x
√−g
(
R+
2
L2
+ fµνGµν + α(fµνfµν − f2)
)
, (A.1)
where Gµν = Rµν − 1/2Rgµν , f = fµνgµν and α = −1/(16λ2L2). One obvious way to extend
to higher derivative lagrangians is to consider replacing Gµν by adding four derivative terms.
However, it is easy to see that this will generically lead to eight derivative terms in the
lagrangian after integrating out fµν . Motivated by this we extend our method of constructing
higher derivative lagrangians to eight derivative order. The terms we will consider are
R6 = L6[ν1RνµRρνRλρRµλ + ν2(RµνRµν)2 + ν3RµνRµνR2 + ν4R4 + ν5RνµRρνRµρR] , (A.2)
using which it can be shown that choosing
ν1 = −41
20
ν − 6ν4 , ν2 = 21
8
ν + 3ν4 , ν3 = −17
20
ν − 6ν4 , ν5 = 3
5
ν + 8ν4 , (A.3)
will lead to
c(r) =
1
ℓPA′(r)
(1 + 2λ2L
2A′2 + µ3L
4A′4 +
4
11
νL6A′6) , (A.4)
being the c-function with c′(r) ≥ 0. All the properties found before extend to this theory.
We now replace
Gµν = Rµν − 1/2gµνR+ β1RµρRρν + β2R2gµν + β3RRµν + β4RλρRλρgµν , (A.5)
with
β1 = −32
51
αµ3 , β2 = −10
51
αµ3 , β3 = −10
51
αµ3 , β4 =
16
51
αµ3 , (A.6)
ν4 =
11
578
αµ23 , ν = −
20
2601
αµ23 , (A.7)
will lead to an action of the form (A.1).
B. Lifshitz type solutions
It was shown in [20] that in a general higher derivative gravity theory, Lifshitz solutions will
emerge. The same statement is true in the extended NMG theory and has been studied in
related contexts in [22]. Making the ansatz
ds2 = − r
2+α
L2+α
dt2 +
r2
L2
dx2 +
L2
f∞
dr2
r2
, (B.1)
– 11 –
the equations of motion lead to the conditions
0 = 32− 16f∞(2 + α)− 2f2∞λ1(α4 − 4α2 − 16α − 16)
− µ3f∞3(α6 + 7α5 − 2α4 − 68α3 − 88α2 − 48α − 32) , (B.2)
0 = 32− 32f∞ − 2f2∞λ1(α4 + 4α3 − 12α2 − 32α − 16)
− µ3f3∞(α6 + 10α5 + 26α4 − 16α3 − 104α2 − 64α − 32) . (B.3)
Note that α = 0 is always a solution for any value of λ1, µ3. We are interested in α 6= 0. First
consider the case µ3 = 0. For this we can solve for f∞ and α to get the following plots. When
-1.0 -0.5 0.5 1.0
Λ1
-10
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Α
-1.0 -0.5 0.5 1.0
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1.0
1.5
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2.5
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Figure 1: The plot on the left shows α vs λ1 when µ3 = 0 while that on the right shows f∞ vs λ1
when µ3 = 0.
µ3 6= 0 we expect to have a 3-d plot. We can for example set α = 2 to see a cross-section
of that plot. This leads to the plots in fig. (2). Note that the blue branch in fig. (2) has
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Figure 2: The plot on the left shows µ3 vs λ1 when α = 2 while that on the right shows f∞ vs λ1
when α = 2.
negative values of f∞.
C. More on the c function
Consider the case where we have included four derivative terms. If we demand that the c-
– 12 –
function is made of A′ and derivatives, then we can prove that the only way to make c′ fulfill
eq. (2.13) is to set λ2 = −3/8λ1. It is obvious that the most general form for c is
c =
1
ℓPA′
(1 + F [A′, A′′, A′′′]) . (C.1)
We cannot have A′′′′ in c since then c′ will involve five derivatives so that using the equations
of motion will involve ∂r(T
t
t − T rr ) and we do not want to impose a constraint on this. Then
c′ = − 1
ℓPA′2
(
A′′(1 + F )−A′(∂A′FA′′ + ∂A′′FA′′′ + ∂A′′′FA′′′′)
)
. (C.2)
The term in brackets should be proportional to the equations of motion. Comparing the four
derivative term gives
∂A′′′FA
′ = 4L2(8λ2 + 3λ1) , (C.3)
so that
F = 4L2(8λ2 + 3λ1)
A′′′
A′
+ F˜ [A′, A′′] . (C.4)
Now focus on A′′′. This will lead to
8L2(8λ2 + 3λ1)
A′′
A′
−A′∂A′′ F˜ = −8L2(8λ2 + 3λ1)A′ , (C.5)
which leads to
F˜ = 4L2(8λ2 + 3λ1)
(A′′)2
A′2
+ 8L2(8λ2 + 3λ1)A
′′ + Fˆ [A′] . (C.6)
Next consider the terms proportional to A′′. There are at this stage in the expression for c′
the term
−12L2(3λ1 + 8λ2)(A
′′)3
(A′)4
, (C.7)
which has no analogue in the equations of motion. Thus this has to be set to zero leading to
λ2 = −3/8λ1. This completes the proof.
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